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ABSTRACT

Understanding the stability of exoplanet systems is crucial for constraining plane-
tary formation and evolution theories. We use the machine-learning stability indicator,
SPOCK, to characterize the stability of 126 high-multiplicity systems from the Califor-
nia Kepler Survey (CKS). We constrain the range of stable eccentricities for each system,
adopting the value associated with a 50% chance of stability as the characteristic eccen-
tricity. We confirm characteristic eccentricities via a small suite of N-body integrations.
In studying correlations between characteristic eccentricity and various planet-pair and
system-level metrics we find that minimum period ratio correlates most strongly with
characteristic eccentricity. These characteristic eccentricities are approximately 20% of
the eccentricities necessary for two-body mean-motion resonance overlap, suggesting
three-body dynamics are needed to drive future instabilities. Systems in which the
eccentricities would need to be high (> 0.15) to drive instability are likely dynamically
relaxed and might be the fossils of a previous epoch of giant impacts that increased the
typical planet-planet spacing.

1. INTRODUCTION

Since 1992, roughly 5,600 exoplanet candidates have been discovered. At least a quarter of these
systems contain two or more planets. While the 2-body problem and the two-planet + star problem
are well understood (Gladman 1993, Hadden & Lithwick 2018), a full understanding of the dynamics
of high multiplicity systems remains elusive despite rich observational evidence of their widespread
existence.
One architectural theme of higher multiplicity systems is the ‘peas-in-a-pod’ configuration of evenly

sized, evenly spaced multi-planet systems (Weiss et al. 2023 and references therein). This striking
pattern among multi-planet systems is a clear departure from the architecture of our own solar
system. Since final system architecture is impacted by dynamics both during (Best et al. 2024) and
after gas disk dispersal (Wu et al. 2024), understanding the specific dynamics surrounding in the
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stability of peas-in-a-pod systems could provide a key insight into the processes by which peas in a
pod are formed.
If a system’s instability timescale is shorter than the time between system formation and obser-

vation, then the system is unlikely to be observed. Consequently, the age of the observed systems
puts a lower limit on the instability timescales of observed systems. The average stellar age (and
therefore system age) of the Kepler field is roughly a few Gyr (Berger et al. 2020). The few Gyr age
of the Kepler field is comparable with the age of the universe suggesting that architectural elements
of Kepler systems lead to long timescales. Therefore, by probing the stability of Kepler systems in
relation to their architectures we can find what elements of the peas-in-a-pod pattern are most sen-
sitive to stability. This defines the main question of this work: what properties of the peas-in-a-pod
Kepler multi-planet systems correlate with stability and by what mechanism?
A physical parameter that is both fairly important in determining system stability and poorly

measured in individual systems is planetary eccentricity. Based on statistical measurements of the
transit durations, multi-planet systems appear to generally have lower eccentricities than the planets
in systems with just one transiting planet (Xie et al. 2016, Mills et al. 2019, He et al. 2020). Ideally,
the eccentricities found via stability limits would be compared to the actual measured values in the
system. Some systems do contain measurable eccentricities. These systems have significant transit
timing varitiations (TTVs), which allow the eccentricities of the individual planets to be measured.
Yee et al. 2021 investigated the relationship between SPOCK characterized eccentricities and the TTV
measured values for such systems, finding that the eccentricities of planets in systems with TTVs
are much lower than is required for stability. While such a comparison between observed values
and stability limits would be ideal, most systems contain small, nonmeasurable eccentricities unable
to be constrained via TTV measurements. While these systems cannot be compared to observed
values, calculated eccentricities for these systems can be compared to other theoretical limits to
better understand what is the dominant factor in deciding system stability. Many authors have
used N-body experiments to explore the relationship between stability and eccentricity in idealized
multi-planet systems (Zhou & Sun 2007, Pu & Wu 2015, and Lammers et al. 2024). In general,
eccentricity plays a significant role in system stability as it defines the level of dynamical excitation
and can unlock higher order resonances through a variety of mechanisms (Laskar & Petit 2017, Petit
et al. 2020,Tamayo et al. 2021). The aim of this study is to determine which eccentricities are
possible in the specific architectures of observed multi-planet systems, and how much the allowed
eccentricities vary from one system to another. In comparing these values to previous theoretical
limits, we will better understand the general dominant factors in system stability. This will set the
stage for future work to investigate for specific observed high-multiplicity system architectures which
theorized stability mechanisms dominate in sculpting the orbital properties including eccentricities.

2. METHODS

We explored the stability of high-multiplicity systems that were characterized as part of the Cal-
ifornia Kepler Survey (Weiss et al. 2018). These systems are typically old (∼ 5 Gyr) and therefore
should be stable on long timescales. The CKS multi-planet systems also host a large number of
peas-in-a-pod like systems (as the pattern was first discovered in this sample), although systems with
diverse planet sizes and spacing are also present and available to test. An advantage of the CKS sys-
tems is that their host stars are homogeneously characterized based on Gaia data and high-resolution
spectra (Fulton & Petigura 2018), yielding accurate stellar properties, which propagate to accurate
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physical radii and semi-major axes for the transiting planets. However the planet masses are gen-
erally not measured. We estimated planet masses using the mass-radius relationship from (Weiss &
Marcy 2014). We assume the systems are coplanar, which is consistent with the very low inclination
dispersion inferred from the transit duration ratios and high multiplicities in these systems (Fang &
Margot 2012, Fabrycky et al. 2014, Mills et al. 2019).

2.1. Mapping Stability Onto Eccentricity

To find how the stability of different configurations of the CKS high-multiplicity systems varied
with eccentricity, we used the machine-learning tool SPOCK (Tamayo et al. 2020). Trained on near-
resonant compact multi- planet systems SPOCK is roughly 105 times faster than N-body integration
of these systems and gives the probability that the system is stable after roughly 109 orbits. SPOCK
generates the same result as N-body roughly 95% of the time and outperforms various analytical
metrics (Tamayo et al. 2020). The speedup of SPOCK compared to N-body allowed us to test a wide
range of eccentricities for a much larger sample of planets than have been been explored traditionally
(e.g. Yee et al. 2021, but see Volk & Malhotra 2024 for broad N-body study). Because SPOCK was
trained on compact multiplanet systems that are near (but not in) resonances, SPOCK works best
on these types of systems. SPOCK is not useful for 2 planet systems as analytical criteria are more
efficient. For the purposes of our project we therefore select CKS systems with at least three planets.
This resulted in a sample of 126 systems with at least 3 transiting planets.
In each system, we fixed the orbital periods and masses of the planets and performed a grid search

of 50 linearly spaced eccentricities in [0,0.15]. This range was motivated by the low eccentricities
that have been measured so far in compact multiplanet systems (Van Eylen & Albrecht 2015,Xie
et al. 2016,Mills et al. 2019,Yee et al. 2021). For simplicity, we initially set all planet eccentricities
to be the same. However, in Section 4, we allowed the individual eccentricities to vary. We drew the
argument of periastron and initial mean anomaly of each planet from a random uniform distribution
on [0, 2π). We ran 250 SPOCK trials at each grid value of eccentricity, with each trial yielding a
likelihood of stability on [0,1] based on the initial parameters. For most systems, there is substantial
scatter in stability at a given eccentricity, so we applied a Kernel Density Estimator (KDE) to the
results to generate a smooth and continuous distribution of stability as a function of eccentricity.
Examples illustrating different behavior of stability vs. eccentricity are shown in Figure 1, and the
Appendix contains a plot for each system in our sample.

3. RESULTS

As expected, low eccentricities are uniformly stable, and as eccentricity increases, the average
stability decreases. For each system, we identify the value of eccentricity that yields a SPOCK
stability prediction of 50% as the “characteristic eccentricity,” echar. We estimated the error in echar
by taking the 68% bounds on the distribution of eccentricities for which the stability prediction
ranged from 0.49 to 0.51. The characteristic eccentricity and its uncertainty are shown as a red
dot and dashed line on the KDE plots. We report the characteristic eccentricity of each system
in the Appendix. Surprisingly, for some systems, even the highest eccentricities we tested (0.15)
yielded stable SPOCK predictions more than 50% of the time. For these systems, we give a lower
limit of echar > 0.15. Predominately three planet systems were the ones that exceeded characteristic
eccentricities of 0.15. Since other three-planet systems had well-determined values for echar, the
number of transiting planets is not sufficient to predict echar.
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Figure 1. A KDE plot of SPOCK Stability vs. Eccentricity for KOI-82 on the left and KOI-70 on the right.
Color denotes the density of samples. The KDE is normalized with 1 being the highest density of points for
the system and 0 being the lowest density of points for the system. A small range of possible eccentricities
for a specific stability are denoted by a lighter colored area, while a large range of possible eccentricities for
a specific stability are denoted by a darker colored area. As eccentricity increases, stability decreases. Note
how there are two well constrained regions of stability and instability with a transition region between the
two. The eccentricity that describes the location of this transition region, as marked by a SPOCK Stability
of 50%, we called the ”characteristic” eccentricity of the system.

While the KDE plots have several common features, both the characteristic eccentricity and the
shape of the eccentricity-stability relation vary substantially from system to system. For example,
KOI-82 has a lower characteristic eccentricity and a much steeper slope than KOI-70 (Figure 1). The
differing shapes and characteristic eccentricities suggest that there is not a single value of eccentricity
that an equally good estimate for all compact multi-planet systems. While previous observational
studies (Mills et al. 2019, Yee et al. 2021) have suggested that an eccentricity of 0.05 is a good
estimate for compact multi-planet systems, we find characteristic eccentricities that range from 0.02
to echar > 0.15.
The variety of characteristic eccentricities indicates that other properties of the planetary system

architecture play a major role in stability. The remainder of this paper is dedicated to searching
for architectural attributes that are maximally predictive of the characteristic eccentricities for our
sample. The two questions that underpinned our search were: (1) are peas-in-a-pod systems more
stable than systems with diverse planet properties, and (2) what metric of planet spacing best predicts
the stability (via characteristic eccentricity) of compact multi-planet systems?

3.1. Are Peas-in-a-Pod More Stable?

Since peas-in-a-pod is a common pattern in the CKS multi-planet systems, we tested whether
peas-in-a-pod architectures were more or less stable than systems with diverse sizes and spacings.
The planetary system size diversity and spacing diversity are well described by two metrics, the
gap complexity (spacing) and mass partitioning (size) (Gilbert & Fabrycky 2020). We measured
the Spearman-R correlation between each of these metrics and the characteristic eccentricity (our
proxy for stability), finding a Spearman r-value of 0.04 (p=.627) for gap complexity and a r-value
of 0.12 (p=.149) for mass partitioning. Because neither gap complexity nor mass partitioning cor-
relates strongly with the characteristic eccentricity, the peas-in-a-pod systems do not appear to be
significantly more or less stable than systems with diverse planet properties.
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Parameter p-value r-value

Minimum Period Ratio (Pi+1/Pi) ≪0.001 0.727

Minimum Separation in Mutual Hill Radii (∆) 0.001 0.688

Multiplicity (Np) 0.001 -0.444

Mass Partitioning (Q) 0.149 0.12

Gap Complexity (C) 0.627 0.04

Table 1. Spearman r-values and p-values for different metrics tested against characteristic eccentricity.

3.2. Relationship Between Stability and Various Planet Spacing Metrics

Various studies have found that the dynamical spacing between the planets is important for stability
(Chambers et al. (1996),Pu & Wu 2015). To test how these results apply to the CKS multi-planet
systems, we measured the correlation between characteristic eccentricity and several metrics that
describe the spacing of adjacent planets. Motivated by the possible role of mean motions resonance
overlap (Deck et al. 2013), we used the adjacent planet period ratio as one measure of planet spacing.
Since planet and stellar mass affect the strength of gravitational interactions, we also tested a metric
based on the separation of the planets in mutual Hill radii. Mutual Hill radius is defined as:

RH =

(
µi + µi+1

3

) 1
3
(
ai + ai+1

2

)
. (1)

Where µ is the mass ratio between planet and star and a is the semi major axis. From this, the
separation can be defined via the canonical ∆:

∆i,i+1 = (ai+1 − ai)/RH (2)

Note that for this definition of mutual Hill radius and ∆ the mass ratio is raised to the 1
3
. While

earlier work such as in Morrison & Kratter 2016 has suggested 2 and 3+ planet interactions rely
more convincingly on dynamical spacing (which takes the same form except with µ

1
4 ), due to the

regular masses of CKS systems the same general ∆ results should hold for both metrics. Since
general spacing metrics are defined between 2 planets rather than for an entire system, such metrics
must be consolidated to be applied to entire systems. Earlier work by Petit et al. 2020 did this by
taking the harmonic average of the spacing. One challenge is that some systems contain a variety
of adjacent period ratios and values of ∆. Because our definition of instability (which is shared by
SPOCK) only requires a single ejection or collision for the system to become unstable, we looked
for correlations between the minimum values of each of these metrics (period ratio and ∆) in each
system, and and the characteristic eccentricity of that system. We found meaningful correlations
between characteristic eccentricity and both minimum period ratio and minimum ∆, with an r-value
of 0.727 (p<0.001) for minimum period ratio and an r-value of 0.688 (p=0.001) for minimum ∆.
The results in Table 1 show that when these metrics are applied to observed data for real systems,

the best predictor of characteristic eccentricity (and thus stability) is the smallest period ratio of
adjacent planets, followed by the smallest planet separation in units of mutual Hill radii. While
system multiplicity seems to have some relation with characteristic eccentricity, other system-wide
metrics of gap complexity and mass partitioning are very poor predictors of characteristic eccentricity.
Figure 2 displays the architectures of planets in our sample ranked by minimum period ratio. Systems
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Figure 2. A gallery plot from all peas-in-a-pod (Gap Complexity and Mass Partitioning < 0.1) SPOCK
compatible systems in the CKS database sorted largest (top) to smallest (bottom) minimum period ratio and
colored by the system’s “characteristic” eccentricity. As can be seen, systems with a high “characteristic”
eccentricity are more towards the top of the plot and therefore have larger minimum period ratios. This
relationship suggests that a single planet pair drives the stability of the system and the dominant factor in
stability is the strength of the interaction.

with small minimum period ratios have low eccentricities and systems with larger minimum period
ratios have larger eccentricities. In a sample of 165 Kepler and K2 systems modeled with N-body
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integrations spanning 5 billion orbits of the innermost planet, Volk & Malhotra (2024) also found that
period ratio is an excellent predictor of long-term stability and a superior predictor to the separation
in mutual Hill radii. These results are consistent with predictions made using idealized systems
(Tamayo et al. 2021).

4. RELAXING ECCENTRICITY TO VARY WITHIN SYSTEMS

The relationship between stability, minimum period ratio, and eccentricity highlights the need to
understand these systems at the planet pair level, motivating us to vary the eccentricities of the
individual planets. For each planet, we randomly selected eccentricities from a normal distribution
centered around the system-wide characteristic eccentricity and its uncertainty, performing 300 trials
per system. We then reported which eccentricity for each individual planet best corresponded to 50%
of the trials being stable (Appendix). While values varied, most planetary characteristic eccentricities
were very similar to the system wide value.
Figure 3 shows period ratio vs. the pairwise mean characteristic eccentricity for adjacent plan-

ets. There is a strong correlation between adjacent planet period ratio and the mean characteristic
eccentricity of the planet pair (Spearman r=0.61, p≪0.001).
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Figure 3. (Left) Mean planetary characteristic eccentricity of an adjacent planet pair vs. planet pair period
ratio. The characteristic eccentricities from SPOCK are circles outlined in black, the critical eccentricities
from Hadden & Lithwick (2018) are red crosses, and the eccentricities are represented by a green line. The
vertical lines plotted are common first order 2-body, mean-motion resonances. While the correlation between
period ratio and eccentricity still exists there is no relation between eccentricities and the locations of first
order mean-motion resonances. (Right) Normalized eccentricity vs. planet-pair period ratio. The color
scheme remains the same, however all values are normalized to the crossing eccentricity for the planet pair.
When normalized eccentricity is used the relation between period ratio and eccentricity disappears. For
both plots the characteristic eccentricities are well below those needed for first order mean-motion resonance
overlap. This suggests that first-order mean-motion resonances and their overlap are not the initial drivers
of instability.

Figure 3 also shows the eccentricity necessary for orbit crossing, which grows as a function of period
ratio. Note that the characteristic eccentricities for stability are much lower than the orbit crossing
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eccentricities. However, the natural boundary for multi planet system eccentricities is the orbit
crossing eccentricity. Therefore, the eccentricity values must be normalized to the orbit crossing
eccentricity to be properly studied in a dynamical sense (Hadden & Lithwick 2018,Tamayo et al.
2021).
In the right panel, we plot the normalized eccentricity (enorm = (ei+1−ei)

ecross
) as a function of period

ratio. In this scheme, the pairwise normalized eccentricity is approximately < 0.3 at all period
ratios. We interpret this to mean that when planet orbits are initialized with 30% or more of the
orbit-crossing eccentricity, they tend toward unstable solutions. Much of the rest of this manuscript
is our attempt to understand which physical mechanisms drive the instability at 30% of the orbit-
crossing eccentricity.

4.1. Confirming Results with N-body

To confirm the validity of our results, we took a representative sample of our systems and ran
N-body integrations using Rebound. For our sample we chose 10 systems that spanned the range
of characteristic eccentricities and were the most “peas-in-a-pod”-like. We used the same initial
orbital parameters as for the SPOCK runs but with the eccentricities set as the characteristic planet
eccentricities computed in Section 4. We ran 20 trials per system, varying only the initial orbital
angles. Each run was integrated 107 years.

System Multiplicity esys Minimum Period Ratio Percentage of Stable runs

KOI-137 3 0.11+0.03
−0.02 1.558 55%

KOI-2220 5 0.05+0.02
−0.01 1.329 55%

KOI-1557 4 0.08+0.03
−0.02 1.353 75%

*KOI-733 4 0.08+0.02
−0.02 1.392 100%

KOI-2722 4 0.02+0.01
−0.01 1.167 90%

KOI-707 5 0.04+0.01
−0.01 1.185 55%

KOI-710 3 0.07+0.03
−0.02 1.241 40%

KOI-1931 3 0.04+0.02
−0.01 1.254 80%

*KOI-700 4 0.08+0.04
−0.03 1.349 100%

KOI-939 4 0.1+0.02
−0.02 1.437 40%

Table 2. Percentage of stable N-body runs for 5 systems spanning a range of minimum period ratios and
characteristic eccentricities. The +/- values denote the range of eccentricities in which a SPOCK stability
of 50% was within a standard deviation of the mean SPOCK stability at that eccentricity. The percentage
of stable runs is determined from 20 iterations of the system with randomly varied orbital angles for every
iteration.

For each run we recorded the evolution of each planet’s orbital elements. We also noted whether
the run resulted in final planetary eccentricities greater than or less than 1. Systems with final
eccentricities greater than 1 were considered unstable while systems with eccentricities less than 1
were considered stable. No tested systems that finished with eccentricities less than 1 experienced
linear or exponential growth in their eccentricities. Table 2 shows our results. We expect that
roughly half of the integrations for each system would be stable on average. This is because the
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characteristic eccentricity found via SPOCK is the eccentricity that yields a stability percentage of
50%. Generally, the percentage of stable N-body runs was between 40% and 100% with an average
value of 60% percent. There was no relationship between percentage of stable trials and minimum
period ratio (r-value=-0.132, p-value=.718) or system multiplicity (r-value=0.026, p-value=.943).
Two systems, KOI-700 and KOI-733 did not go unstable. However, the large range of values leading
to a SPOCK stability of 50% for KOI-700 (e=0.05 to 0.12), as well as the larger characteristic
eccentricity for KOI-733 (e=0.08) could be the causes for their lack of instability. While the sample
size is limited, the wide range of tested system architectures suggest that these N-body results are
at least consistent with the characteristic eccentricities.

5. POSSIBLE ORIGINS OF INSTABILITY

Resonances are important drivers in non-linear dynamics that can either promote or hinder stability.
For example, Laplace resonant chains, in which three or more planets librate about the mean-motion
resonance exact solutions, are particularly stable (e.g., the Galilean moons, Leleu et al. 2021). How-
ever, resonant configuration can also create regions of phase-space with resonant overlap. A test
particle in a region of resonant overlap experiences the forcing of two or more distinct resonances,
which tend to drive chaotic behavior. For example, resonant overlap is the origin of the Kirkwood
gap in our solar system’s asteroid belt. Given the important role of resonances in sculpting stability,
we investigate which forms of resonance and resonance overlap might sculpt the tendency of planets
to have < 0.3 of the orbit-crossing eccentricity.
Figure 3 indicates the first-order mean motion resonances as vertical lines. There are no clear

features at these special period ratios. This is understandable as the systems in our sample are
generally not located exactly in mean motion resonances. Next, we consider the role of 2-body,
mean-motion resonance overlap as discussed in Volk & Malhotra (2024). An analytical description
of where this resonance overlap occurs is given by Hadden & Lithwick (2018):

ecritical,i,i+1 = 0.72ecrossexp[−1.4µ
1/3
i+1(

ai+1

ai+1 − ai
)4/3] (3)

where ecritical is the eccentricity necessary for 2-body mean motion resonance overlap, ecross is the
eccentricity necessary for the orbits to cross, a is the semi-major axis and µ is the mass ratio between
planet and star. The critical eccentricity for 2-body resonance overlap is indicated in Figure 3 and is
generally much higher than the characteristic eccentricities we found. Therefore, 2-body resonance
overlap is not the sole driver of instability for our sample.
While 2-body resonant interactions are not the sole contributor to system stability, there seem

to be both secular (Volk & Malhotra 2024) as well as higher-order nonsecular (Petit 2021) effects
that could lead to instabilities. Below, we will give a brief description of possible mechanisms and
comment on their suitability for sculpting the observed normalized eccentricity ceiling.

5.1. Secular Resonances

One possible mechanism for promoting instability is secular behavior. The secular approximation
can be applied to systems that are far from mean-motion resonance. In the secular approximation,
we take the orbit-averaged dynamics of the planets, and so the important dynamical interactions are
determined by the procession rates of the orbital elements. In secular resonance, two bodies (which do
not have to be adjacent) have equal precession rates of their orbital elements, allowing them to interact
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in a fixed pattern configuration over long timescales.With the secular approximation, resonance
overlap can also occur. Like with 2-body mean-motion resonances, if overlap occurs between two
secular resonances, chaotic behavior occurs and instability of the system is assumed (Sidlichovsky
1990), with the width of the overlap region being eccentricity dependent. Previously this methodology
has been applied to the solar system, specifically Mercury (Lithwick & Wu 2011). While system
compactness makes secular resonance overlap likelier, the angular momentum deficit (AMD) of the
system (Laskar 1997)as well as the necessity of long timescales and matching procession ratios limits
this method’s effectiveness in producing instabilities.

5.2. Combined Resonant Effects

However, multiple perturbative effects can be used together to achieve an instability. A possible
mechanism promoting instability could be three-body resonances. Due to the addition of a third
angular term, 3-body resonances are more numerous than their two-body counterparts (Quillen
2011). These three-body resonances can then cause an evolution of the planets semi-major axis
leading the planet to cross into a two-body MMR overlap causing system instability to occur. This
method of chaotic diffusion to 2-body MMRs was investigated for zeroth-order circular planets by
Petit et al. (2020), who calculated an instability timescale for circular, co-planar systems that were
equally massed and spaced. Further computational work by Lammers et al. (2024) showed that
such a methodology also explains the N-body integrative results well. Such three-body resonances,
however, require dynamically packed systems and could therefore be too weak to drive instability in
widely spaced multi-planet systems.
Alternatively, secular effects can also evolve the system to a point where mean-motion resonances

can cause instability. Secular resonances can redistribute AMD from outer sources, (Murray &
Dermott 1999) growing inner system eccentricities to the point where 2-body MMR overlap can
be achieved, causing an instability (Mudryk & Wu 2006). Specifically, Volk & Malhotra (2020)
use secular resonance excitation of eccentricity as a way to cause an instability in a Kepler-102.
Furthermore, in their broader study of the general population of Kepler and K2 systems, Volk
& Malhotra (2024) use the spectral fraction index to show that such eccentricity exciting secular
resonances can occur in many systems. However, the low observed eccentricities of these systems as
well as the long timescales that these effects take suggest that these effects at the very least did not
occur on the architectures of the systems we observe today.

6. HIGH CHARACTERISTIC ECCENTRICITIES - A POSSIBLE SIGN OF DYNAMICAL
RELAXATION

One of the more surprising groups of planets in this study are those systems with characteristic
eccentricities greater than 0.1. Such systems are greater than double the average observed exoplanet
eccentricity. Of systems with characteristic eccentricities over 0.14, roughly half are three planet
systems in the 75th percentile in minimum period ratio. This relationship between architecture and
characteristic eccentricity could be a sign of dynamical relaxation. Dawson et al. (2016) demonstrated
how high-e, dynamically packed systems can become low-e dynamically loose systems through the
late giant impacts phase. Such a relaxation process could mean that the primordial versions of
these systems were prone to secular, three-body, as well as 2-body effects. Observed systems, rather
than being an example of stability, could be the dynamically relaxed remnants of earlier system
architectures. Therefore, widely spaced 3-planet systems should have their eccentricities observed to
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determine whether these systems have gone through dynamical relaxation or currently have eccen-
tricities that reside at or near the stability limit. Such data could provide further insight into how
much dynamical processing has the system undergone.

7. CONCLUSIONS

In this work we have studied the stability of 126 multi-planet systems from the California Kepler
Survey (CKS) sample. We note the relationship between eccentricity and SPOCK stability, and
denote a characteristic eccentricity that leads to a system stability of 0.5. We compared multiple
system level and planet pair based metrics to these characteristic eccentricities. Like theoretical
results suggest, we confirm period ratio to be a strong predictor with characteristic eccentricity
for real, observed systems. Because of the role individual planet pairs seemed to play in stability,
we have also found individual planet characteristic eccentricities for every planet in 103 of the 126
SPOCK compatible systems. We find that the relationship between period ratio and eccentricity
holds for individual planet pairs. The relationship disappears, however, when one compares the
period ratio and normalized eccentricity. Using the individual characteristic planetary eccentricities
we also explored the importance of two-body resonances in system stability. Using the relation
derived in Hadden & Lithwick (2018), we calculated the critical eccentricities for two-body MMR
overlap. In comparing our characteristic eccentricities to the critical eccentricities we note that our
characteristic values are significantly lower. For planets in the CKS sample we conclude:

1. The stability of a system is better described by the spacing of the closest pair of planets than
a system-wide metric. This suggests that it is a perturbation of a single pair of planets (either
by only those two planet of another source in the system) that drives (in)stability.

2. While the correlation between period ratio and eccentricity is present for individual planet
pairs, there is no correlation between period ratio and the normalized eccentricity.

3. The SPOCK calculated characteristic eccentricities were much lower than the critical eccen-
tricities necessary for 2-body MMR overlap. This suggests that 2-body MMR overlap is not
the sole driving force of system stability.

While we explored the relationship between eccentricity and stability as well as it’s relationship
with 2-body resonances it is clear that there is more to this story. Other mechanisms such as those
outlined above clearly must play a role in determining system stability. While it would be convenient
to find one mechanism that defines the stability of every system, in reality that is probably not the
case. Furthermore, the possibility of dynamical relaxation could mean that these systems are not
primordial, but rather the remnants of previously unstable systems. Therefore, creating a complete
picture of planetary systems as well as comparing the constraints these mechanisms might put on
system parameters, such as eccentricity, to observed values, could help determine which of these
mechanisms dominates.
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8. APPENDIX

8.1. Eccentricity vs. SPOCK Stability Plots
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Figure 4. Gallery of KDE plots for 126 SPOCK compatible CKS systems. The tested eccentricity is on
the x and the corresponding SPOCK stability is on the y. The KDE is normalized with 1 being the highest
density of points for the system and 0 being the lowest density of points for the system. The characteristic
eccentricity for a specific system that leads to a SPOCK stability of 0.5, or 50% is marked as a red point
on the graph and listed in the table below. Systems that did not reach a SPOCK stability of 50% have a
lower limit for their characteristic eccentricity of 0.15. On these graphs a a red arrow pointing to the right
denotes the lower limit. As an be seen, most plots follow roughly an s shape with an area of stability, and
area of instability and a transition region. However as can be seen there is variance in the sharpness and
location of the transition region between systems.
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8.2. Table of all System Values

System Name esystem e1 e2 e3 e4 e5 e6 e7

KOI-70 0.08 0.08 0.07 0.08 0.10 0.097 N/A N/A

KOI-82 0.02 0.02 0.02 0.02 0.02 0.031 N/A N/A

KOI-85 0.1 0.08 0.10 0.06 0.18 N/A N/A N/A

KOI-94 0.1 0.11 0.11 0.10 0.12 N/A N/A N/A

KOI-111 0.12 0.16 0.13 0.15 N/A N/A N/A N/A

KOI-116 0.11 0.11 0.15 0.12 0.13 N/A N/A N/A

KOI-117 0.07 0.06 0.07 0.06 0.07 N/A N/A N/A

KOI-137 0.11 0.14 0.13 0.13 N/A N/A N/A N/A

KOI-148 0.13 0.17 0.11 0.15 N/A N/A N/A N/A

KOI-152 0.08 0.10 0.09 0.08 0.08 N/A N/A N/A

KOI-156 0.04 0.04 0.03 0.03 N/A N/A N/A N/A

KOI-157 0.02 0.02 0.02 0.02 0.01 0.01 0.02 N/A

KOI-168 0.03 0.03 0.03 0.03 N/A N/A N/A N/A

KOI-191 >0.15 N/A N/A N/A N/A N/A N/A N/A

KOI-232 0.11 0.14 0.12 0.13 0.16 N/A N/A N/A

KOI-241 >0.15 N/A N/A N/A N/A N/A N/A N/A

KOI-260 >0.15 N/A N/A N/A N/A N/A N/A N/A

KOI-271 0.12 0.16 0.11 0.15 N/A N/A N/A N/A

KOI-279 0.12 0.15 0.11 0.14 0.14 N/A N/A N/A

KOI-282 >0.15 N/A N/A N/A N/A N/A N/A N/A

KOI-285 0.11 0.15 0.10 0.12 N/A N/A N/A N/A

KOI-316 >0.15 N/A N/A N/A N/A N/A N/A N/A

KOI-339 >0.15 N/A N/A N/A N/A N/A N/A N/A

KOI-343 >0.15 N/A N/A N/A N/A N/A N/A N/A

KOI-351 0.02 0.02 0.03 0.02 0.03 0.03 0.02 0.02

KOI-377 0.1 0.17 0.16 0.16 N/A N/A N/A N/A

KOI-401 0.13 0.14 0.15 0.12 N/A N/A N/A N/A

KOI-408 0.11 0.12 0.11 0.08 0.11 N/A N/A N/A

KOI-416 0.14 0.11 0.20 0.18 N/A N/A N/A N/A

KOI-435 0.1 0.10 0.12 0.10 0.11 0.104 0.133 N/A

KOI-474 >0.15 N/A N/A N/A N/A N/A N/A N/A

KOI-481 >0.15 N/A N/A N/A N/A N/A N/A N/A

KOI-490 0.1 0.10 0.09 0.12 0.095 N/A N/A N/A

KOI-500 0.02 0.03 0.03 0.02 0.02 0.025 N/A N/A

KOI-505 0.04 0.06 0.05 0.05 0.04 0.05 N/A N/A

KOI-509 >0.15 N/A N/A N/A N/A N/A N/A N/A

KOI-510 0.13 0.15 0.15 0.16 0.18 N/A N/A N/A

KOI-518 >0.15 N/A N/A N/A N/A N/A N/A N/A
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System Name esystem e1 e2 e3 e4 e5 e6 e7

KOI-520 0.08 0.09 0.08 0.09 0.08 N/A N/A N/A

KOI-528 0.14 0.14 0.16 0.15 N/A N/A N/A N/A

KOI-564 0.14 N/A N/A N/A N/A N/A N/A N/A

KOI-567 0.05 0.05 0.06 0.06 N/A N/A N/A N/A

KOI-582 0.07 0.07 0.06 0.07 N/A N/A N/A N/A

KOI-584 0.09 0.12 0.11 0.11 N/A N/A N/A N/A

KOI-597 0.1 0.11 0.09 0.08 N/A N/A N/A N/A

KOI-623 0.1 0.11 0.10 0.08 0.12 N/A N/A N/A

KOI-624 >0.15 N/A N/A N/A N/A N/A N/A N/A

KOI-658 0.1 0.13 0.13 0.15 N/A N/A N/A N/A

KOI-664 0.12 0.13 0.10 0.12 N/A N/A N/A N/A

KOI-665 0.12 0.13 0.13 0.11 N/A N/A N/A N/A

KOI-671 0.04 0.05 0.03 0.03 0.05 N/A N/A N/A

KOI-700 0.07 0.08 0.09 0.10 0.11 N/A N/A N/A

KOI-701 0.08 0.11 0.08 0.07 0.08 0.082 N/A N/A

KOI-707 0.03 0.03 0.04 0.03 0.02 0.043 N/A N/A

KOI-710 0.07 0.05 0.05 0.08 N/A N/A N/A N/A

KOI-711 >0.15 N/A N/A N/A N/A N/A N/A N/A

KOI-718 >0.15 N/A N/A N/A N/A N/A N/A N/A

KOI-719 0.13 N/A N/A N/A N/A N/A N/A N/A

KOI-720 0.08 0.11 0.08 0.09 0.12 N/A N/A N/A

KOI-732 0.13 0.13 0.17 0.17 N/A N/A N/A N/A

KOI-733 0.08 0.07 0.07 0.08 0.08 N/A N/A N/A

KOI-749 0.03 0.02 0.02 0.02 N/A N/A N/A N/A

KOI-756 0.11 0.13 0.08 0.15 N/A N/A N/A N/A

KOI-757 0.14 0.22 0.14 0.12 N/A N/A N/A N/A

KOI-806 0.03 0.03 0.02 0.02 N/A N/A N/A N/A

KOI-834 0.08 0.10 0.11 0.10 0.07 0.10 N/A N/A

KOI-841 0.09 0.13 0.10 0.10 0.12 N/A N/A N/A

KOI-864 0.12 0.15 0.16 0.14 N/A N/A N/A N/A

KOI-869 0.12 0.14 0.14 0.13 0.13 N/A N/A N/A

KOI-880 >0.15 N/A N/A N/A N/A N/A N/A N/A

KOI-884 0.14 0.17 0.20 0.14 N/A N/A N/A N/A

KOI-896 0.09 0.12 0.10 0.08 N/A N/A N/A N/A

KOI-906 0.12 0.11 0.12 0.13 N/A 0N/A N/A N/A

KOI-907 0.14 N/A N/A N/A N/A N/A N/A N/A

KOI-921 0.13 0.15 0.14 0.16 N/A N/A N/A N/A

KOI-934 0.08 0.09 0.10 0.08 N/A N/A N/A N/A

KOI-935 0.1 0.12 0.11 0.10 0.11 N/A N/A N/A

KOI-939 0.1 0.14 0.09 0.10 0.13 N/A N/A N/A
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System Name esystem e1 e2 e3 e4 e5 e6 e7

KOI-941 >0.15 N/A N/A N/A N/A N/A N/A N/A

KOI-1015 0.13 0.20 0.13 0.14 N/A N/A N/A N/A

KOI-1052 0.12 0.14 0.17 0.12 0.12 N/A N/A N/A

KOI-1060 0.07 0.07 0.07 0.07 0.065 N/A N/A N/A

KOI-1127 0.1 0.12 0.08 0.08 N/A N/A N/A N/A

KOI-1151 0.03 0.03 0.04 0.03 0.03 0.03 N/A N/A

KOI-1161 0.11 0.13 0.10 0.12 N/A N/A N/A N/A

KOI-1198 0.11 0.11 0.09 0.15 N/A N/A N/A N/A

KOI-1203 0.1 0.13 0.10 0.11 N/A N/A N/A N/A

KOI-1278 0.06 0.07 0.05 0.07 0.07 N/A N/A N/A

KOI-1306 0.1 0.12 0.12 0.13 0.16 N/A N/A N/A

KOI-1360 >0.15 N/A N/A N/A N/A N/A N/A N/A

KOI-1364 0.06 0.05 0.05 0.04 0.05 0.05 N/A N/A

KOI-1432 0.14 0.16 0.17 0.14 0.10 N/A N/A N/A

KOI-1436 0.14 N/A N/A N/A N/A N/A N/A N/A

KOI-1557 0.08 0.12 0.08 0.08 0.07 N/A N/A N/A

KOI-1563 0.03 0.03 0.02 0.02 0.03 N/A N/A N/A

KOI-1567 0.07 0.10 0.10 0.11 0.11 N/A N/A N/A

KOI-1598 0.13 0.18 0.16 0.16 N/A N/A N/A N/A

KOI-1608 >0.15 N/A N/A N/A N/A N/A N/A N/A

KOI-1805 0.12 0.15 0.10 0.16 N/A N/A N/A N/A

KOI-1860 0.11 0.11 0.13 0.13 0.14 N/A N/A N/A

KOI-1905 0.14 0.15 0.15 0.18 N/A N/A N/A N/A

KOI-1909 0.14 N/A N/A N/A N/A N/A N/A N/A

KOI-1916 >0.15 N/A N/A N/A N/A N/A N/A N/A

KOI-1930 0.06 0.06 0.05 0.07 0.06 N/A N/A N/A

KOI-1931 0.04 0.03 0.04 0.03 N/A N/A N/A N/A

KOI-1952 0.11 0.08 0.14 0.14 N/A N/A N/A N/A

KOI-1955 0.14 0.11 0.16 0.13 N/A N/A N/A N/A

KOI-2029 0.06 0.06 0.05 0.06 0.06 N/A N/A N/A

KOI-2037 0.11 0.13 0.11 0.16 N/A N/A N/A N/A

KOI-2073 0.14 0.21 0.19 0.08 0.16 N/A N/A N/A

KOI-2135 >0.15 N/A N/A N/A N/A N/A N/A N/A

KOI-2148 0.11 0.18 0.15 0.10 N/A N/A N/A N/A

KOI-2169 0.04 0.04 0.04 0.03 0.04 N/A N/A N/A

KOI-2194 >0.15 N/A N/A N/A N/A N/A N/A N/A

KOI-2220 0.05 0.05 0.06 0.04 0.05 0.06 N/A N/A

KOI-2352 0.11 0.14 0.14 0.15 N/A N/A N/A N/A

KOI-2433 0.11 0.17 0.13 0.12 0.11 N/A N/A N/A

KOI-2585 0.07 0.07 0.06 0.05 N/A N/A N/A N/A
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System Name esystem e1 e2 e3 e4 e5 e6 e7

KOI-2597 0.03 0.04 0.03 0.03 N/A N/A N/A N/A

KOI-2707 0.13 0.14 0.10 0.15 N/A N/A N/A N/A

KOI-2714 >0.15 N/A N/A N/A N/A N/A N/A N/A

KOI-2722 0.02 0.02 0.02 0.02 0.02 0.02 N/A N/A

KOI-2732 0.12 0.15 0.12 0.14 0.207 N/A N/A N/A

KOI-3097 0.05 0.05 0.04 0.04 N/A N/A N/A N/A

KOI-3925 0.09 0.12 0.11 0.13 N/A N/A N/A N/A

KOI-4032 0.01 0.02 0.01 0.01 0.01 N/A N/A N/A

Table 3. The system characteristic eccentricity (esystem) as
well as the individual planet characteristic eccentricities (e1
for planet 1, e2 for planet 2, etc.) for the systems tested in
this work. For systems where only a lower limit was obtained,
only the system characteristic eccentricity is listed. These ec-
centricities were calculated by finding the values that would
lead to a SPOCK stability of 0.5, or 50%. The more specific
methodology is located in the first paragraph of section 4, and
in paragraph 2 of section 2. Because we expected lower char-
acteristic eccentricity values, systems with lower planetary or
system wide characteristic eccentricities are generally better
constrained than systems with higher values. Systems with
planetary or system wide characteristic eccentricities greater
than 0.09 are less constrained. As can be seen in some of
the KDE plots shown in Section 8.1, sometimes systems were
still relatively stable even with high eccentricities.
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